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Appendix A. Risk Sharing

The household in country i maximizes lifetime utility (1), subject
to the household budget constraint (2) and the intertemporal asset
constraint

D;; denotes nominal state-contingent portfolio payments in units of
imported consumption baskets in period ¢, while g; is the price of
the portfolio in period 0 (when all trading occurs), where ¢; does
not depend on country ¢. The household in period 0 cares about the
relative price of contingent claims across all states. The intertempo-
ral asset constraint stipulates that all period 0 transactions must be
balanced: payment for claims issued must equal payment for claims
received. The household Lagrangian is
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Note that the Lagrange multiplier \g is common across countries
only under the assumption of ex ante symmetry. The first-order
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conditions with respect to nominal state-contingent portfolio pay-
ments D;; and consumption Cj; are
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Combining (A.3) and (A.4) gives the price of the portfolio g;:
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Substituting (A.5) into (A.1), we can express the intertemporal asset
constraint as

{Zﬁt ' p, } (A.6)

which corresponds to equation (28) in the text.

Since the price of the portfolio ¢; and the Lagrange multiplier Aq
do not depend on country i, the risk-sharing condition in complete
markets is
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Therefore, Cy; = AP, °, where A; is known unconditionally, as
there is no aggregate uncertainty. Since total portfolio payments
globally add up to zero in each period,

E{D;y;} = E{P;,Cy — YiPrit} =0,

= E{pitcit} = E{YitpH,z‘t}- (A7)
Now substitute the expression C;; = At]%;% for consumption in
(A.7)
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and solve for Cj; using Cj; = A, P it

E{Y; Py, 1
.o — {tiﬂt} Pt (A.9)
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Appendix B. Propositions and Proofs

B.1 Proof of Proposition 1
B.1.1 Setting Up the Langrangian

In complete markets, cooperative central banks maximize (34) sub-
ject to (35), (36), (37), and (38), where 1op = 1 and 1oy = 1.
Thus, we can formulate a Lagrangian:
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The first-order conditions for the problem with respect to con-
sumption Cy, labor Ny, the terms of trade Pp ¢, and the real exchange
rate P, are given below:
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The first-order conditions (B.2)—(B.5), constraints (35)—(38),
cooperation indicator 1op = 1, complete markets indicator 1oy =
1, and exogenous shock dynamics (33) describe the full nonlinear
dynamics of the system. To obtain an analytical expression, we have
to consider the behavior of the model in the steady state.

B.1.2 Steady State

Solving for the optimal pricing constraint (35), the relationship
between the real exchange rate and the terms of trade (37), goods
and asset market clearing (36)—(38) in the steady state allows us to
show that C'= N = Py = P = 1. Substituting these values into the
first-order conditions (B.2)—(B.5) yields the following steady-state
relationships:

gé:1+)\1(1—O')+>\2(1—Oé)—|—0é)\2—)\4:0, (B6)
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(B.9)

We solve the system (B.6)—(B.9) and obtain [A1, A2, Az, A\4] =

1 y—n i
1, =17 (n=1)(v-1)” 771]‘
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B.1.3 Log-Linearization

We log-linearize the first-order conditions (B.2)—(B.5) around the
deterministic steady state and obtain

0=—0(1+M(1—0)C + Aol — a)(Rax — nPrs +1B)

+ adanP; — Mgy + %ﬁt), (B.10)
0= —(1+ M1+ 0)eN; — Aa(hae + Zo) + M(Ze + Pry), (B.11)
0= —n(1 — a)Xa(Aay — (n+ 1) Py + Cy + 1P

—yoda(Aas — (7 + 1) Pre) + As(1 — @) (1 = n)(Ase — nPu)
+ M(Ze+ Ny, (B.12)
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+anda(Cr + (n—1)P) — (1 = n)As(As e — )
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Now we log-linearize the constraints (35)—(38) after setting the
value for the indicators 1gp =1, 1oy = 1:

O = —Zt — Nt + (1 — Oé)(—T]PHyt + ét + ﬁpt) — a’y]BH,t, (B14)
0=(1—a)Py,— P, (B.15)
~ 1 2
0=C,+ =P, (B.16)
g

We can express the system of linear equations consisting of
(B.10)—(B.16) as

A(0)X, + b(0)Z; = 0, (B.17)

where X; = [C’t, Ny, PH,t, P, 5\2@ 5\3715, ;\4,75]/, Ais a 6 X 6 matrix, and
bis a6 x 1 vector. After plugging in the values for [A1, A2, A3, \y], we
can express coefficients in A and b as functions of the model parame-
ters 0 = [0, ¢, a,n,7]. Finally, the endogenous variables X; can be



6 International Journal of Central Banking June 2021

expressed as a function of the parameter vector 6 and the exogenous
variable Z;:

X, =—A0)"'0(0)Z,. (B.18a)

We can also express the markup as a function of parameters 6
and the technology shock Z; by log-linearizing (25):

ﬂt:Zt—'_pH,t_pt_SONt_aét‘ (B].g)

Plugging the solution from (B.18) into (B.19) yields the following
expression for the log-linear markup:

iy = 0. (B.20)

We refer the reader to Dmitriev and Hoddenbagh (2019) for proof
that the flexible-price allocation (they consider the flexible-wage
allocation, but the algebra is identical) under complete markets
coincides with the social planner allocation.

B.2 Proof of Proposition 2

B.2.1 Setting Up the Lagrangian

Under financial autarky, cooperative central banks maximize (34)
subject to (35), (36), (37), and (38), where 1¢p =1 and 1oy = 0.
The Lagrangian is

o 1
[ Zﬂt Cl N, +€O+)\1(Et 101_ B 1N1+g0)
1+90

+ Ao (1 — a)PI}ZC’tﬁZ’ + aPy (B 1 [Ce P — ZyNy)
+ )\3,1&((1 - O‘)pé{,_tn + o — Ptl_n) + )\47t <ZtthH,t - Ctpt>:| .
(B.21)

The first-order conditions with respect to consumption Cy, labor Ny,
terms of trade PH +, and real exchange rate Pt are

+ OéEtfl()\Q’tPI;;{)Ptn — )\4,tpt =0, (B22>
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The first-order conditions (B.22)—(B.25), constraints (35)—(38),
cooperation indicator 1¢p = 1, complete markets indicator 1oy =
0, and exogenous shock dynamics (33) describe the full nonlinear
dynamics of the system. To obtain an analytical expression, we first
need to solve for the steady state.

B.2.2 Steady State, Financial Autarky, Cooperative

Solving for the optimal pricing constraint (35), the relationship
between the real exchange rate and the terms of trade (37), and
goods and asset market clearing (36)-(38) in the steady state allows
us to show that C' = N = Py = P = 1. Substituting these val-
ues into the first-order conditions (B.22)—(B.25) yields the following
steady-state relationships:

oL

aC—l—f—)\(1—0’)+>\2(1—Oé)+0é)\2—)\4:0, (B26)
oL
a—N:—l—)\l(1+<p)—)\2+)\4:07 (B.27)
oL
—n(l —a)da —yara + A3(1 —a)(1—n)+ Ay =0, (B.28)
8PH
oL
8P (1 — Oz)’l’])\g + anig — (1 — ))\3 — X =0. (B29)

We solve the system (B.26)—(B.29) and obtain [\, A2, A3, A4] =

[0, =2 s m . 7). The steady state fully coincides with the

steady state for cooperative policy under complete markets.
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B.2.3 Log-Linearization

We log-linearize the first-order conditions (B.22)—(B.25) around the
deterministic steady state and obtain

0=—0(14+XM(1-0)C; + Xa(1 —a) Aoy — nPpy +1P,)
+adonPy = M(Aay + Pr), (B.30)

0=—(1+ M1+ ©)eNe — Ao(Aoy + Zy) + Ma(Aayg + Z¢ + Prry),
(B.31)

0= —n(1— a)Aa(har — (1 +1) Py + Cs +nPy)

—yada(Xay — (v + 1)1§H,t)

(1 — )1 — ) Ase — 1Pra) + Malhay + Zo + Ny, (B.32)
0=(1- CV)T])\Q(XQJ — 771:3H,t +C, + (n— 1)]%)

Fama(Cy+ (1 —1B) — (1 —AsCar —nP,)

— Mg+ Cy). (B.33)

Now we log-linearize the constraints (35)—(38) after setting the
value for the indicators 1¢p =1, 1oy = 0:

0= —Zt - Nt + (1 — Oé)(—T]pHﬂg + CA’t + Upt) - Oé’)/pH’t, (B34)

0=(1-a)Py;— P, (B.35)
0=—Cy— P+ Z; + N, + Py, (B.36)

We can express the system of linear equations consisting of
(B.30)—(B.36) as

A(0)X, + b(0)Z, =0, (B.37)

where X; = [C’t, Ny, ]5H,t, P, ;\27” 5\37,5, 5\4,t]/, A is a 6 x 6 matrix, and
bis a 6 x 1 vector. After plugging in the values for [\, A2, A3, Ay, we
can express coefficients in A and b as functions of the model parame-
ters 0 = [0, ¢, a,n,7]. Finally, the endogenous variables X; can be
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expressed as a function of the parameter vector 6 and the exogenous
variable Z;:

X, = —A(0)"'b(0)Z;. (B.38)

We can also express the markup as function of parameters 6 and
the technology shock Z; by log-linearizing (25):

,ut:Zt—f—ﬁH,t_Pt_@Nt_o-éb (B39)

B.2.4 Analytical Expression

Plugging the solution from (B.38) into (B.39) yields the following
expression for the log-linear markup:

%Z%%Z’ (B.40)
where
G2(0) = —a(l +¢)((1 —a)(no — 1) + a(y = 1)), (B.41)

Fy(0) = o+ 0+ an+ ay — 2no + 0o +v%0 + o*n’o
— 2v0 — a1 — 2an?0 — 2any0 + 2ny0 + 2anc
—2ap — 29 — 2yp + o + e + 70 + e + dany
+ 2070 + 207 — 2am3p — 20219 — 20my¢. (B.42)

We can express output }A/} = Nt + Zt as a function of the tech-
nology shock using equation (B.38):

Gy ;5

Y, = Z B.4
t F37Y iy ( 3)

where
G3y = ¢ —2n — 2y = 2a + 4an + 2oy + 207 — 200 — 21
— 2y — 2o — 2020 + a?p + np
+ 720+ a® + 02 + 92 +a*n? + a®np — 2amy + danyp
+ 2079 + 20y — 2an*@ — 202np — 2anye + 1, (B.44)
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Fsy =0 +o0+an+ay—2ap —2np —2yp — 2no — 270
- a277 + a2<p + 17290 + ’YQQO + 7]20 + ’720 + oz2772g0
+ a?n?o 4 dane + 2ay¢ + 2amc + 2nv¢ + 2npv0 — 20>
— 20219 — 20m*0 — 2amy0 — 2any. (B.45)

Given the solutions for the markup and output in terms of technol-
ogy shocks allows us to obtain their ratio and express it below:

R (1-a)(o—1)+a(y—1) o
=12+ (=P 2l —a) +2ay -1 "
(B.46)

B.3 Proof of Proposition 3
B.3.1 Setting Up the Lagrangian

Under financial autarky, noncooperative central banks maximize
(34) subject to (35), (36), (37), and (38), where 1cp = 0 and
1oy = 0. The Lagrangian is

l—0o 1+
= Zﬁt C Nt ’ 4 A]_(Etflcl_a o Etf]_Nl—i_(p)
1 ‘I’(,O t t

+ )\Q’t((l — Oé) CtPn + OZPH Cr — ZtNt)
+ s ((1— a)P}Lt” +a—P'

+ A <ZtNt15H,t - Ctpt>:| . (B.47)

The first-order conditions with respect to consumption Cy, labor
Ny, the terms of trade PH .t» and the real exchange rate Pt are given
below:

oL L .
a0 = Cr%+M(1—0)Cr 7 + Xau(1 — )Py I P — Ay Py = 0,
t
(B.48)
oL

N = —NY =M+ @)N = XoZy + My Zi Py =0, (B.49)
t
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oL - N -
78?’ == —77(1 — a))‘ZtPHZ 1CtPt77 — ’VOC)\Qﬂng:Z 1CF
H.t
+ A3,0(1— @) (1= )Pyl + At Ze Ny = 0, (B.50)
oL - L .
OP, =(1- a)n)‘ltPH,ZCtPtn t- (1- 77))‘3,tPt T A1 Cr = 0.
t

(B.51)

The first-order conditions (B.48)—(B.51), constraints (35)—(38),
cooperation indicator 1¢p = 0, complete markets indicator 1oy =
0, and exogenous shock dynamics (33) describe the full nonlinear
dynamics of the system. To obtain an analytical expression, we must
first consider the behavior of the model in the steady state.

B.3.2 Steady State

Solving for the optimal pricing constraint (35), the relationship
between the terms of trade and the real exchange rate (37), goods
and asset market clearing (36)-(38) in the steady state shows that
C = N = Py = P = 1. Substituting these values into the first-order
conditions (B.48)—(B.51) yields the following steady-state relation-
ships:

oL
oy = LAl te) A+ A=0, (B.53)
oL
— = —n(1 — a)d2 — ya, g + A3(1 — ) (1 — 1) + Ay =0,
0Py
(B.54)
oL
—==0—a)l— (L =n)As — Ay =0. B.55
OP ( O[)T] 2 ( 77) 3 4 ( )

We solve the system (B.52)—(B.55) and obtain

A= — a , (B.56)
a—@—0+ap+ne+yp+no+y0 —anp —ano

Mo = pro . (B5T)
O—@—0+ap+np+yp+no+y0 —anp —ano
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Y(p +0)

(77—1)(a—<p—U+as0+nso+w+no+w—anw—?na)’)
B.58

A3 =

= (p+o)(n+vy—on) . (B59)
O—@—0+ap+ne+yp+no+yo—anp —ano

B.3.3 Log-Linearization

We log-linearize the first-order conditions (B.48)—(B.51) around the
deterministic steady state and obtain

0=—0(14+XM(1=0)C;+ Xa(1 —a) Aot — nPpy + 1P,
— MO+ B), (B.60)

0=—-(1+XN(1+ @))@Nt - )\2(5\2,75 + Zt) + >\4(5\4,t + Zt + PH,f,),
(B.61)

0= —n(1 — a)Aa(ay — (1 +1)Pry + Cy +nPy)

—rada(os — (7 + 1) Pry)

A1 —a)(L =) (s — 1Pue) + MO + Zo + N, (B.62)
0=(1—a)pa(Aaes — NPy + O+ (n — 1))

— (1= mAs(Ras = nP) = Ma(Aas + Cr). (B.63)

Now we log-linearize the constraints (35)—(38) after setting the
value for the indicators 1¢p =0, 1oy = 0:

0 = _Zt — Nt + (1 — CY)(—T]]SH’t + ét + npt) — O(”)’pH’h (B64>
0=(1—a)Py,— b, (B.65)
O: —C’t _PtNt+Zt+PH,t- (B66)

We can express the system of linear equations consisting of
(B.60)—(B.66) as

AO)X, +b(0)Z, = 0, (B.67)



Vol. 17 No. 2 Optimal Monetary Policy in Small Open Economies 13

where X; = [C’t, Ny, I-:’H,t, P, 5\2,1&, ;\3,t, 5\4,15]’, A is a 6 x 6 matrix, and
bis a 6 x 1 vector. After plugging in the values for [A1, A2, Az, A4,
we can express the coefficients in A and b as functions of the model
parameters 6 = [0, ¢, a,1n,7]. As a result, we can express the endoge-
nous variables X; as a function of the parameter vector 8 and the
exogenous variable Z;:

X, =—A0)"b(0)Z,. (B.68)

We can express the markup as a function of parameters # and
the technology shock Z; by log-linearizing (25):

Mt:Zt‘i‘IsH,t_pt_SDNt_Uét- (B69)

B.3.4 Analytical Expression

Plugging the solution from (B.68) into (B.69) yields the following
expression for the log-linear markup:

Gs -
0y = — 7 B.
ot s ts ( 70)
where
Gz =—a(l—a)(1+¢)(n—1)(n—1+7), (B.71)

F3=20p—0—ay— ¢+ a0+ 3np+ 3vp + 3nc + 3vyo
+a’n—a’n+ay’ —ae = 3re + e
— 3720 + 7’0 — 30’0 + o — 370 + %0 — a®n?
+a’n? — 70?4+ 30?3 + 20302 — &P
—5a%n%0 4 30030 + *n*o — aPndo + any
— Tane — daryp — bana — 2ay0 — 6y — 6ny0 — o’y
+8an’p + 5oty — 3a’p — a’np + 2a0%p + o
+ Tan?o + 20210 — 3an’o + av’o + 3072 ¢ + 3y
+ 30720 + 3n%y0 + S8anyo — 3oy — 6an’yp — 4o’y
— 3any?o — 6an*yo — 2a2nyo + 30’y
+ 301n%y0 + 10amye. (B.72)
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We log-linearize the export share (17) and use the production
function (18) to obtain

EA‘Sﬂg = —"ypHﬂg - Zt - Nt. (B73)

Now substitute the solution for N; and PH¢ from (B.68) into
(B.73) to get the log-linear export share:
A~ . GS,E A~

By, =3B B.74
tE Tpn 2t (B.74)

where

Gs.p=—(2a+3n+2y — ¢ — Tan — 3ay — 4y + 200 + 30
+ 2yp + 8047)2 + 5a277 — 3a773 — agn +ay? 4+ o’y + 77')/2
+20°y — &0 = 3n*o + o — Yo — o® = 3P +° — 47
— 702 4 3020® 4 20502 — o3P + 2020y — Tatn?y
+ 302030 + 23070 — &PnPp + Tany — Tang — 3ayp
— iy — any? — dan’y — 3oty + 8an’p +5a’ng — 3an’p
— a’np + v’ o + oy + e + 20y — ame
— dam?yp — 3P0y + 20202y + Tanyp — 1), (B.75)
Fsp =200 —0 —ay— @+ ac+3np + 3yp + 3no + 3yo + a’n
—a’ntar? = oo =3ne + e =3 o+
—3n%c +n*c — 3720 + 30 — a*n? + on? — TP
+ 30?30 + 203020 — a3np — 5a’n?o + 3020
+a’n?o — aPndo + any — Tane — dayp — bano — 2ayo
— 611y — 6170 — @®1py + 8an’p + 5a”np — 3an’p — a’ng
+ 2072 + oy + Tan?o + 20°n0 — 3anc + an’o
+ 30720 + 30y + 30720 + 3n?vyo + 8anyo — 3any3p
— 6o’y — 4’ nye — 3any?o — 6an’yo — 202ny0
+ 30?0 v¢ + 3a2n*yo + 10anye. (B.76)
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Then we can express the markup as a function of the export share
using the formula

A~ G3

it P an+vy-1)
o _ . (B.77
B, Gz Gl-a+r-1Ptai-arr-1 o7

B.4 Proof of Proposition /
B.4.1 Lagrangian

Under complete markets, noncooperative central banks maximize
(34) subject to (35), (36), (37), and (38), where 1¢p = 0 and
loa = 1. The Lagrangian is

Nit+e

0 Ol o
L = Zﬁt |:1 s -|- )\1(Et 1C EtletH_SD)
t=1

+A2t(( ) CtPn—FOéPH CF—ZtNt)
+ s ((1 — a)P}Lt" +a— P

~ ~ 1 ~o—1
+ At (Et_l{ZtNtPH,t} — CyPrE; [P, ~ })} (B.78)
The first-order conditions for the problem with respect to con-

sumption Cy, labor V¢, the terms of trade 15H7t, and the real exchange
rate P; are

oL .
—_— = C;U + )\1(1 — O')C;U + )\2775(1 — OZ)PHZf)t77
GC’t ’
- M,ffE[Pi], (B.79)
oL
W = — )\1(1'}‘%0) )\2 tZt +]E(>\4 t)ZtPHtv (BSO)
t
oL _ p—n—1~ pn p—y—1
—— = —n(l =)Ao Py} CiP —~yaXe Py, Cr
OPp + ’ '

+ A3,6(1 =) (1 = n) Py} + E(A1 ) Ze Ny, (B.81)
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oL L Lo L
ob, (1 =)Ao PEIC ™" = (1= n)Ag P
t

Q=

1 ~1_ 11 1 ~1| o~
At P ORI (1 - U) E[)\z;,tCtP;}Pt
(B.82)

These first-order conditions (B.79)—(B.82), constraints (35)—(38),
cooperation indicator 1op = 0, complete markets indicator 1oy, =
1, and exogenous shock dynamics (33) describe the full nonlinear
dynamics of the system. To obtain an analytical expression, we must
first consider the behavior of the model in the steady state.

B.4.2 Steady State

Solving for the optimal pricing constraint (35), the relationship
between the real exchange rate and the terms of trade (37), and
goods and asset market clearing (36)—(38) in the steady state reveals
that C = N = Py = P = 1. Substituting these values into the
first-order conditions (B.48)—(B.51) yields the following steady-state
relationships:

géf:1+/\1<1—U)+)\2(1—C¥)—A4:0, (B83>
oL
aiN:_l_)\l(l—i_(P)_)Q—i_)%:O’ (B84)
oL
— = —n(l —a)ds —yads + A3(1 —a)(1 —7n) + Ay,  (B.85)
0Py
oL 1 1
— = (1 — Oé)’l’])\g — (1 — 77))\3 — )\4* — <1 — ) )\4. (B86)
oP o o

We solve the system (B.83)—(B.86) and obtain

«

A= — , (B.87)
a—p—otap+np+yp+no+yo—anp—ano
Ay = pro . (B.88)
a—@—0+oap+ne+yp+no+yo—anp —ano
(e +0)

B (77—1)(04—¢—0+a90+7790+w+770+70—anso—?ma)’)
B.89
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Ay — (p+0)(n+y—oan) (B.90)
O—@—0+ap+np+yp+no+yo—anp —ano

The steady state fully coincides with the steady state for coop-
erative policy under financial autarky.

B.4.3 Log-Linearization

We log-linearize the first-order conditions (B.48)—(B.51) around the
deterministic steady state and obtain

0= —O’(l + /\1(1 — U))ét + )\2(1 — Oé)(j\g}t — T]]SH’t + ?715t)
~ 1=
— A <>\4,t + aPt> : (B.91)
0=—(1+M1+9)eN: = Aa(Aat + Zt) + Ma(Z; + Pry), (B.92)
0=—n(1—a)r(Aay — (n+1)Pyy + Cr +nP,)

—yada(Aaye — (7 + 1) Prre) + As(1 — a)(1 = n) (A3t — 0 Prre)
+ M Ze + Ny), (B.93)

0=(1- 04>77)\2(;\2,t — an,t + ét +(n— 1)pt)
o 2 1 /- 1 2 N
— (1 =n)A3(Ags —nP;) — )\4; (M,t + (0 - 1) P + Ct>

1\1, 2
+ (1 - > P (B.94)
g

g

Now we log-linearize the constraints (35)—(38) after setting the
value for the indicators 1¢p =0, 1oy = 0:

0= —Zt — Nt + (1 — a)(—nPH,t + ét + npt) — a’yPHm (B95)

0=(1-a)Py,— P, (B.96)

~ 1 2
o
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We can express the system of linear equations consisting of
(B.91)-(B.97) as

A(0)X, +b(0)Z, =0, (B.98)

where X; = [C’t, Ny, ZSH,t, P, ;\2775, 5\3’,5, 5\4,t]/, A is a 6 x 6 matrix, and
bis a 6 x 1 vector. After plugging in the values for [A1, A2, A3, A4],
we can express the coefficients in A and b as functions of the model
parameters 6 = [0, ¢, a,n,7]. As a result, the endogenous variables
X; can be expressed as a function of the parameter vector 6 and the
exogenous variable Z;:

X, = —A0)"'b(0)Z;. (B.99)

We can express the markup as function of the parameters 6 and
the technology shock Z; by log-linearizing (25):

Mt:Zt+PH,t—Pt—80Nt—Uét- (BlOO)

B.4.4 Analytical Expression
Plugging the solution from (B.99) into (B.100) allows us to obtain
the expression for markup:

A—— (B.101)

where

Gi = oa(l - a)(1+)((1 - 20)(no — Da+ (5 - 1)°
+no(y = 1) + 120 — 1)),

Fy=4ap — 0 — ¢+ 3a0 +np +yp +no + yo — 6a°p
+ 4030 — atp — 3020 + a’o + 2an?0?
+ 3a’n0? — o®no® + ay?o? — bany — 4ayp — bano
— 2ay0 — 500?04 3a’n?o? + 10a’ng
— 10a®np + 5atne — a®ne + 602y — 4alyp + atyp
— 2oma2 + 7a2770 — 3a3na — orya2 + a2fya
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— 2ampo — 2aypo — a’*n?po? + a*ndpo? + 230 po?

— 30313 p0? — a*nPoa? + 3atnPeo? — aPrdpa?

— o?72po? + o?yPpo? + 3anyo? + 2an* o + 600

— 6a’npo + 2a'npo + 2072 po + 4a’ypo

— 203yp0 — 3a’ny0? — 8a’nP o + 12030 po — 8a*n?po

+ 2a°n*po — 40y po + 20372 po

— 2a%nypa? + 203 nypo? + danypo + 3o’y po?

+ 3a?n*ypo? — 30’y po? — 603 ypo?

+ 3ot n?ypo? — 1202 nyp0 + 1203 yp0 — 4a'tnyeo.
We can log-linearize the export share (17) and use the production
function (18) to obtain

By = _’YﬁH,t — 7y — Ny (B.102)

We substitute the solution for N, and PH,t from (B.99) into
(B.102) to get the log-linear export share:

Eyp =227, (B.103)

We do not provide the full expressions for G4 g and Fjy g, as they
are enormous and provide little value by themselves. Instead, we
express the log-linear markup as a function of the log-linear export
share using the formula

- Ga

Mt F Gy
7 = G:E = T (B.104)
S,t F4,E Eg T

G, =ao(o(1—2a)n? +~yon— (1 —a)n(c +2)+1—a), (B.105)
F,=a—-1+40(y—an), (B.106)
Hy = (n(1—a)+7—1)(1-a)’

+aon(n(l —a)+22y-1))(1—a) +y(y-1)]. (B.107)
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Appendix C. Corollaries and Lemmas

C.1 Proof of Lemma 1

Log-linearization of equations (37), (36), (38), and (25) around the
deterministic steady state, where we utilize the independence of the
terms of trade and technology shocks across time, gives

Zi+ Ny = (1= a)(=nPu + Cy +nP) — ayPuy, (C.1)
]st = (1 - Oé)pHﬂg, (02)

~ 12 N ~ 2 2
Cy = —IICM;Pt-F(l— EC’M)(Nt'i‘Zt‘i‘PH,t_Pt), (03)
/lt:Zt_l'PH,t_ﬁt_o-ét_SDNt- (04)

Thus, for complete markets, we obtain the following dynamics
fOI' th; étv PH,?‘J) pt:

~ 1—«o 2
Y, = — {(1 —a) (U + na> + ow] Py 4, (C.5)
N 1 —« 2 o
Ne=—|(1-a) . +na | +avy|Pay — Zs, (C.6)
~ 1—a 2
Cy=— P, (C.7)
o
N A 1—« 2
pr=04+¢)Zi+ (14+¢ |(1—-0a) . +na | +ay H ¢
(C.8)
It is easy to see that ‘95@ <0, 85“ <0, 6:@ <0, Oy 0,
Pr ¢ OPm ¢ P ¢ Pt
and with respect to technology shocks we have g? =0, ggt =0,
N R t t
0N (), 24 > (0. On the other hand, under financial autarky,
02, 02,
Yo =11 - a)(L —n) = NP, (C.9)
Ny =[(1=a)(1=n) = NPus — Z, (C.10)

Oy = —[(1— )+ — 1)Py, (C.11)
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fu=(1+¢)Z + [a(l —0) + (0 +9)(=(1 = a)(1 =) +7)]Prr,s-

(C.12)
In this case, -2 < 0, 2N <0, 2% <0, 2 > 0, and with
)= ) 0Py, )=
Y _ g 9C: _ (. 9N,
r;spect to technology shocks we have 2z = 0, 55 = 0, Y < 0,
Ofiy
0z > 0. H

C.2 Proof of Lemma 2

Under flexible prices firms charge constant markups. Thus, for com-

plete markets, we obtain the following dynamics for f/}, C’t, I-T’H,t, P,
by setting fi; = 0 in the system (C.5)—(C.8):

~ 5Z—}—g06z ~
Y, = 2 "= 1
t 1+§0(5z ty (C 3)
b —1
= 14
t 1+Q06Z ty (C )
o= 1zalte 5 (C.15)
t — o 1+§06z ty .
2 1—|—Sp N
Py, =— A 1
H,t 1+905Z ty (C 6)

where 8, = (1 — @) (12 + na) + ay > 0.

1 817,5 80,5 81% ,t
It is easy to see thata—zt > 0, 05, > 0, 82 < 0. On the other
hand, under financial autarky,
O (1+¢)da . -
Y, = : Zy, C.17
Tall—o0)+ (0 + )02, ! ( )
. (1=0)(d2— ) 4
N, = : Zy, C.18
T all—0)+ (0 + )02, ! ( )
A (I1+¢)(d2:—0a)
Cy = : Zy, C.19
K a(l—0)+ (0 +¢)da, . K ( )
. 1
P, ld (C.20)

__ Z
’ a1 —0)+ (0 +¢)ds. "
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aC,
’ 9Zys

Y;

’az}>0

where d3, = (1 — a)(n — 1) + . In this case > 0,

81§H,t

C.3 Proof of Lemma 4

In the steady state, noncooperative central banks maximize (34)
subject to (36), (37), and (38), where 1¢p = 0 and 1oy = 0 (asset
market structure is irrelevant in the steady state). Thus, we can
formulate a Lagrangian:

Cl—a N1+<p
-0 140
+A3((1—a)T "+ a— P+ M(NT —CP).  (C.21)

+ Xa((1 — )T "CP" + aT~7Cp — N)

The first-order conditions for the problem with respect to con-
sumption Cy, labor Ny, terms of trade Pp ¢, and real exchange rate

P, are given below:

gé =C" 74 X(1 —a)T7"P" — \4P, (C.22)
gsz = —N¥ — Xy + MT, (C.23)
oL —n—1 —y—1
57 = 11— T TTTICPT — yad T Cp

+ A3(1—a)(1 = )T~ + \N, (C.24)
gi:u—am&Tﬂopﬁhwl—m&Pﬂ—Aﬁhﬂy(Q%)

C.3.1 Symmetric Steady State

In the symmetric steady state we use the fact that T =P =2 =1
and C' = N, then use these relationships to simplify first-order
conditions and obtain

oL

oL
— _(¥ _ = 2
Gy = O et M=o, (C.27)
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oL
TTZ = —n(1 — a)XaC — yarC + A3(1 — a)(1 —n) + A\C, (C.28)
OL
- = (1 - O[)?’])\QC - (1 - 77))\3 - )\40 (029)
0P,
We simplify this system and use g—é(l —a)+ g—%:
—a(n(l —a)+y) A +ary =0. (C.30)

We can express A4 as a function from g from (C.30) and obtain
A = (n(1 — @) + ) A2. We substitute this result into the first-order
conditions (C.26)—(C.27) with respect to C' and N:

C77 = (=D —a)+7)A, (C.31)
C?=n1—-a)+~v—1)A. (C.32)

Expressing Ao in terms of C|v,n, a, and making these expressions
equal allows us to obtain

Y 1 - o
¢ (n—1D(1 —a)+7) - (l—a)+y-1) (C.33)

Thus, we can express C' in terms of «,n,:

m-—1DA—-a)+v _ a
nl—a)+v-1 nl—a)+y-1

Cc7e =

(C.34)

As the relationship (25) in the steady state takes the form
C™77% =y, (C.35)

we can obtain the formula for the markup:

o
=1+ . C.36
8 nl—a)+~-1 (C.36)
C.4 Proof of Corollary 4.2
We begin with the expression for markup:
G .
., — LES .
Ht FoH, Jts (C 37)
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G, =ac(o(l—2a)n* +yon— (1 —a)n(c+2)+1—a), (C.38)
F,=a—-1+40(y—an), (C.39)
(1 —a)+v-1)(1 - a)?

+aon(n(l —a)+2(2y-1))1 —a) +7(y - D] (C.40)

5
I

We start with the fact that for n > 0,7 > 1,0 < a < 1, we have
H, > 0. Second, using the solution from (B.99) and (B.103) we can
express consumption dynamics in terms of export share and obtain

(1-a)la=1+a(y—an))
(=12 +ac(n(l —a)+7)

E,, = Y. (C.41)

The export share is procyclical when o« — 1 + o(y — an) > 0, which
is equivalent to F, > 0.

Let’s rearrange the expression
form:

% and consider its simplified

G, (1—a)n—2)n-1)

F, _n+(1—a)(n—§)+(’y—n)’

(C.42)

As F, > 0, the denominator in equation (C.42) is positive. If
c>1,7v> 1,0 < a < 1, we have to consider several cases for
1. For example, if n > v and F, > 0, then (1— a)(n—2)n-1)>0
and G* > 0. Second, if 1 < n < 7, then L since the denominator
and the numerator in equation (C.42) are posmve Third, it might
be the case that i < n < 1. In this case, the denominator in (C.42) is
positive, while the numerator is negative. The whole expression %
monotonically increases with «. Let’s take a derivative with respegt

to a:

~n=Hm-D[A-a)n—2)+v—n)

+(n— (1 —a)in—Hn—1)
F?2

—(n—=1/o)n—1)(v—n)

= g > 0. (C.43)
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Fo

Then let’s consider what happens at a = 0, which sets 5= to a
minimum. In this case, we have )
F, (n—1)n—1)
— =4 —o C.44

We can multiply everything by the positive denominator and obtain
the following expression:

1 1 1
n<7—>+772—<1+>77+, (C.45)
g g g

which is equivalent to

<?7 — i>2 +n(y—1)>0. (C.46)

Now we also technically have the case when 1 < 1/0. In this
case, as Fj, > 0 and the numerator in (C.42) is positive, we obtain
% > (0. Thus, markups are procyclical if export share is procyclical
for households with risk aversion greater than one.

C.5 Proof of Corollary 4.3
We begin with the expression for markup:

N Gy

= —" F, A4
Ht L H, Jts (C 7)

G, =aoc(o(l —2a)* +von— (1 —a)ploc+2)+1—a), (C.48)
a—1+o(y—an), (C.49)

(1 —a)+~—1)(1—a)?
+aon(n(l—a)+22y-1))(1-a)+y(y-1)]. (C.50)

e
o

As H, > 0, we need to focus on G, and F,. Under n = v, we
can transform the expression to fi; to
fit ac(l—a)(2y—=1)(cy—1) «ao(2y-1)

— = = > 0. C.51
Es,t (1 - a)(a’y - 1)Hx Hx ( )
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Appendix D. Monetary Policy and Terms of Trade

The Euler equation for domestic home securities gives the following
relationship:

—0o
Ct—i—l

T4+1

= BR.Ey

(D.1)

We can express inflation in the consumer price index in terms of
producer price index in the following way:

Prip Pa . Py Py (D2)
e ~ —_— 7t 1# .
PF,t Py +PtPHt+1

Tt41 =

Note that inflation 7wy ;41 is predetermined at ¢. Plugging this infla-
tion in the original Euler equation gives

P R P
Hioro = g— Et[ - {““]. (D.3)
Pt TH,t+1 Pt+1

Under complete markets we can rely on the expression for con-
sumption

EsY;: Py
Cis = i{ i) pros (D-4)
E{P,
and obtain
Pyi=f EPrrt41- (D.5)
TH,t+1

When the prices are set one period in advance, inflation dynamics
on its own has no effect on the real economy. As a result, we are
not interested in pinning down the inﬂation dynamics, using the

dynamics of the real interest rate ry = o for finding out the

equilibrium of the real variables. Therefore, our objective is to gen-
erate a real interest rate rule that generates the path for the terms
of trade ]—T’H,t = %Eﬁat. This is not a trivial exercise, as we
cannot rely on linear approximations due to the fact that we claim

later in the paper to arrive at the optimality conditions nonlinearly.
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Moreover, our interest rate rule should rule out multiple equilibri-
ums. The following rule produces a unique stationary equilibrium
that generates the necessary terms-of-trade dynamics:

H—0 Zy
1 PH,t(Egg((Zz))1+5

PEIPE ) (Eizy) )

(D.6)

Tt

where § is a positive constant. We use this equation, as the more sim-

9(Zy)
Eg(Z¢)
trade. This rule for the interest rate allows us to obtain the modified

relationship for the terms of trade:

ple rule r, = cannot rule out sunspot terms for the terms of

9(Z+)

D Eg(Z+) D =
PH,t = =~ 7 i (EtPH,tJrl) 1+s (D7)
[PHi(]E?g((Ztt)))l—i_é] T+s

For this equation, the only non-explosive solution for the terms-of-
trade dynamics is ]5H,t = %E}T’H,t.

Under financial autarky, we return to the original Euler equation
and set the interest rate rule as R; = ”H’Bt“ If;(ZZtt)); then, using the

independence of shocks across time generates

P Z P
Cyo = 9(Z:) E[Ct" {f’t]. (D.8)
Py Eg(Z:) Py
Having the control over the cyclical dynamics C; 7 15; L coupled

with the constraints (36)—(38) allows us to extract the dynamics for
the terms of trade. For example, we can express consumption under
financial autarky using (36)—(38) as

Cy = ((1— )Py + )T Py A, (D.9)

where A is a constant. Using this relationship, we can obtain the

. o P
expression for C; 7 =5+
t

Cro st — (1 - )Py + )T By A (D.10)




28 International Journal of Central Banking June 2021

Thus, the desire to replicate a particular cyclical dynamics of the

Pu. _ f(Z)
terms of trade B, = ENZ)

requires us to generate the dynamics

for
CrrfEt (- )f(Z)' 7+ B2 ¥ ()T
E[C; %) E|((1 - a)f(Z)11 + aBf(Z)) T f(Ze)o—o+1
(D.11)

Defining g(Z;) as ((1—a)f(Z;)'™" +04Ef(Zt))%7"1f(Zt)W*”+1, we
can use a similar rule,
—015 S\ — Zy
(C; ;{ ) 5( g( ))1+5

1
BEI(Cr Tty (555 )+9]

Eg(Z:)

. (D.12)

Tt

Consequently, the central bank can control the terms of trade over
the cycle under financial autarky, and when markets are complete.
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