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Appendix A. Allocation in Cashless Economy under
Flexible Prices and Wages

Under flexible prices and wages, the labor market equilibrium deter-
mines the relationship between the marginal product of labor and
the marginal rate of substitution of labor for consumption:

(
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)−1

AtZt = χt
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t

)1/η

Ξf
t

, (A.1)

where the variables with a superscript f denote the endogenous vari-
ables in the cashless economy under flexible prices and wages. The
right-hand side of (A.1) is the marginal rate of substitution whereas
AtZt in the left-hand side is the marginal product of labor. Note
that the allocation is still inefficient due to monopolistic distortion of
firms represented by the steady-state markup θ/(θ − 1). To consider
the cashless economy, we disregard the transaction cost of purchasing
goods. Along with the market clearing conditions, (A.1) yields
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. (A.4)

Notice that risk premium Qt does not affect Y f
t because the alloca-

tion is determined only by intratemporal equilibrium conditions.
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Appendix B. Model Solution

We employ a version of the policy function iteration method of Cole-
man (1990) to solve our non-linear model.1 Specifically, we use the
fixed-point iteration method. Richter, Throckmorton, and Walker
(2014) found that this method has an advantage in terms of the
speed of computation compared with alternative methods.

The concept of the fixed-point iteration method is summarized
as follows. A model has the representation:

0 = Et [f (St,Xt,St+1,Xt+1)] ,

where Xt is a set of jump variables and St is a set of state vari-
ables. The intertemporal and intratemporal relationships among
variables are represented in f (·). Et [·] is the expectation oper-
ator conditional on the information available at time t. In our
baseline model, Xt =

{
Yt, Ht, Ct, St, Mt, Tt, Y

f
t , Pt

}
and St =

{Dt−1, Wt−1, Rn,t−1, At, Zt, χt, Qt}. Jump variables and future state
variables can be expressed as function of current state variables in
the rational expectation equilibrium. Therefore, the model equations
above can be rewritten as below:

0 = Et [f (St, (St) , S (St) , (S (St))) ]

= Et [f (Φ (St))] ,

where X (·) and S (·) are the time-invariant policy functions for jump
and state variables, which are summarized in Φ (·). The model con-
ditions f (·) and the policy function Φ (·) are non-linear in general.
The policy function iteration method discretizes the state space for
St and numerically searches for the mapping Φ (St) that satisfies
the model equations. Consequently, the method is robust to the
non-linearity of the underlying function f (·).

Algorithm. The algorithm takes the following steps in each
iteration n = 1, 2, 3...

1. Formulate the initial guess for the policy functions Φ(0) (St).

1Similar methods are used by Katagiri (2016) and Iiboshi, Shintani, and Ueda
(forthcoming) to solve a New Keynesian model with ZLB.
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2. Substitute the previous guess Φ(n−1) (St) into the model
equations to obtain the updated policy function Φ(n) (St).
The parameter for updating α ∈ (0, 1) is set equal to 0.2.2 In
this step, we approximate the future variables by using the
linear interpolation method between grids and evaluate the
expectation operator by numerical integration:

Φ∗ (St) = Et

[
f

(
Φ(n−1) (St)

) ]
+ Φ(n−1) (St) ,

Φ(n) (St) = αΦ∗ (St) + (1 − α) Φ(n−1) (St) .

3. Compute the deviations between the updated and previous
policy functions:

dist = max
∣∣∣Φ(n) (St) − Φ(n−1) (St)

∣∣∣ .

4. Stop iterations if the deviation dist becomes smaller than the
critical value ε > 0. Otherwise, go back to Step 2. We set
ε = 10−4.

Appendix C. Deterministic and Risky Steady States

Recent studies argued that in a non-linear and stochastic envi-
ronment the deterministic steady state (DSS) does not necessarily
accord with the risky steady state (RSS) since agents take pre-
cautionary behavior even when the risk is not materialized (e.g.,
Coeurdacier, Rey, and Winant 2011). For example, Hills, Nakata,
and Schmidt (2019) found that the inflation rate in the RSS is lower
than in the DSS in the presence of ZLB risk by as much as 0.5
percent in annual rate in a New Keynesian model.

In our model, the regime-switching component of risk premium
Qrs

t takes either high or low values, and therefore policy function

2Richter, Throckmorton, and Walker (2014) pointed out that a smaller value
of α helps maintain stability of solution, especially at the beginning of the algo-
rithm, whereas it involves a larger number of iterations until convergence. There-
fore, they proposed to use a small value of α for solving a large model. We set the
value of α reflecting the trade-off between speed and stability of computation.
However, it should be noted that the convergence criteria of policy function is
independent of the value of α.
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is not defined on Qrs
t = 1. Hence, we define “quasi-RSS” as the

unconditional mean of the RSS in each regime.3 Given the concep-
tual difference in the definition of the RSS from the one analyzed
by previous studies, the results here should be taken with some
reservation.

Table C.1 reports the values of key variables in the DSS and
quasi-RSS in our model. The quasi-RSS is computed for the specifi-
cations in which each element is sequentially added into the model.
When only the nominal price rigidity is present in the model, it
is notable that the inflation rate in the quasi-RSS is non-trivially
higher than that in the DSS. The non-linearity in the Phillips curve
implies that firms’ price setting is convex in terms of aggregate infla-
tion. Therefore, the presence of uncertainty leads to higher expected
inflation in the future, rendering the current inflation rate higher as
well. The effect is more apparent in the case of the United States
where the calibrated Π∗ is higher. Adding DNWR further raises the
inflation rate in the quasi-RSS because it prevents the declines in
the inflation rate upon contractionary shocks. On the other hand,
adding the ZLB lowers the inflation rate in the quasi-RSS as Hills,
Nakata, and Schmidt (2019) demonstrated. Regarding real quanti-
ties, consumption and labor input in the quasi-RSS become substan-
tially lower when each element is added in the model because agents
increase precautionary saving in the presence of these frictions.

3Formally, we define the quasi-RSS Xrss as below:

Xrss = p1X
rss
1 + p2X

rss
2 ,

where Ψrss
1 = f(Ψrss

1 , Θss, Qrs
t = Qrs

1 ),

Ψrss
2 = f(Ψrss

2 , Θss, Qrs
t = Qrs

1 ).

pi is the unconditional probability of regime i for i = 1, 2. f(·) is the policy
function. Ψ and Θ collect endogenous and exogenous variables, respectively. On
the other hand, the DSS is defined as the allocation achieved when the regime-
switching component is muted, i.e., Qrs = 1.
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Table C.1. Deterministic and Risky Steady States

Labor Price Inflation
Variable → Consumption Input Dispersion Rate

Symbol → C L V π

A. Japan

Deterministic S.S. 0.93 0.93 1.00 0.38
Quasi-Risky S.S. (Diff. from

Deterministic S.S.)
Price Rigidity Only 0.93 0.93 1.00 0.60

(–0.08) (+0.00) (+0.08) (+0.22)
Add Money Holdings 0.93 0.93 1.00 0.64

(–0.14) (–0.06) (+0.08) (+0.26)
Add DNWR 0.92 0.92 1.00 0.99

(–1.12) (–1.07) (+0.05) (+0.61)
Add ZLB 0.91 0.91 1.00 0.29

(–2.79) (–2.75) (+0.04) (–0.09)
RW Rule 0.93 0.93 1.00 0.64

(–0.62) (–0.61) (+0.01) (+0.26)

B. United States

Deterministic S.S. 0.93 0.93 1.00 0.38
Quasi-Risky S.S. (Diff. from

Deterministic S.S.)
Price Rigidity Only 0.93 0.93 1.00 0.60

(–0.08) (+0.00) (+0.08) (+0.22)
Add Money Holdings 0.93 0.93 1.00 0.64

(–0.14) (–0.06) (+0.08) (+0.26)
Add DNWR 0.92 0.92 1.00 0.99

(–1.12) (–1.07) (+0.05) (+0.61)
Add ZLB 0.91 0.91 1.00 0.29

(–2.79) (–2.75) (+0.04) (–0.09)
RW Rule 0.93 0.93 1.00 0.64

(–0.62) (–0.61) (+0.01) (+0.26)

Note: The inflation rate and the nominal interest rate are expressed in annual rates,
whereas the other variables are in levels. The inflation rate in the deterministic steady state
is calibrated according to the mean inflation rate during the sample period of 1985:Q1–
2017:Q4 for Japan and 1987:Q4–2017:Q4 for the United States. The deterministic steady
state takes money holdings into account. The allocation is not affected by DNWR or the
ZLB.
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Appendix D. Linearized Equilibrium Conditions

Deterministic Steady State. The allocation in the deterministic
steady state is described below.

R∗ =
g

β
, (D.1)

R∗
n =

gΠ∗

β
, (D.2)

V ∗ =

√
δ2 + 1 − 1/R∗

n

δ1
, (D.3)

(
M

P

)∗
=

C∗

V ∗ , (D.4)

Ξ̃∗ =
1

C̃∗ (1 + s(V ∗) + V ∗s′(V ∗))
, (D.5)

(
B

P

)∗
=

(
1 − λ
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(
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) (
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Ω∗
1 =

θ

θ − 1
MC∗Ξ̃∗Ỹ ∗

1 − λβ(Π∗)θ
, (D.8)

Ω∗
2 =

Ξ̃∗Ỹ ∗
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D∗ =
(

1 − λ
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) (
1 − λ(Π∗)θ−1

1 − λ

) θ
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, (D.10)

Ỹ ∗ =
{

MC∗(D∗)1/η (1 + s(V ∗) + V ∗s′(V ∗)) (1 + s(V ∗))
} 1

1+1/η

,

(D.11)

H∗ = Ỹ ∗D∗, (D.12)
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C̃∗ =
Ỹ ∗

1 + s(V ∗)
, (D.13)

Ỹ f∗ =
(

θ

θ − 1

)− 1
1+1/η

, (D.14)

where X∗ are the value in the deterministic steady state. Variables
with tildes are detrended by real trend growth, i.e., X̃t = Xt/At.
Exogenous variables Zt, χt, and Qt are normalized at 1 in the steady
state.

Piecewise Log-Linearized Equilibrium Conditions. Piece-
wise log-linearized equilibrium conditions are listed below.

̂̃Ξt = Et

[̂̃Ξt+1

]
+ R̂t − Et

[
Π̂t+1

]
+ Q̂t, (D.15)

̂̃Ξt = − ̂̃
Ct − 2δ1V

∗

1 + 2δ1V ∗ − 2
√

δ1δ2
V̂t, (D.16)

V̂t =
1

2{(1 + δ2)R∗
n − 1}

(
Q̂t + R̂n,t

)
, (D.17)

V̂t = ̂̃
Ct −

̂̃
Mt/Pt, (D.18)

̂̃
Wt/Pt = max

{
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1
η
Ĥt , ln γ +

̂̃
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}
,

(D.19)

M̂Ct =
̂̃
Wt/Pt − Ẑt, (D.20)

B̂t/Pt = Ω̂1t − Ω̂2t, (D.21)
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)
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0 =
(
1 − λ(Π∗)θ−1) B̂t/Pt −

(
λ(Π∗)θ−1) Π̂t, (D.24)̂̃

Y t = Ẑt + Ĥt − D̂t, (D.25)
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)
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(
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̂̃
Y t = ̂̃

Ct +
δ1V

∗ − δ2/V ∗

1 + 2δ1V ∗ + δ2/V ∗ − 2
√

δ1δ2
V̂t, (D.27)
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where variables with hats denote the log-deviations from the deter-
ministic steady state, i.e., X̂t = lnXt − lnX∗.

As for monetary policy rule, the Taylor rule is given by

R̂d
n,t = ρrR̂

d
n,t + (1 − ρr)

(
φπΠ̂t + φy( ̂̃

Y t − ̂̃
Y

f

t )
)

, (D.29)

R̂n,t = max{R̂d
n,t , 0}, (D.30)

whereas the RW rule is written as

R̂b
n,t = φπΠ̂t + φy( ̂̃

Y t − ̂̃
Y

f

t ), (D.31)

Γ̂t = Γ̂t−1 + R̂n,t−1 − R̂b
n,t−1, (D.32)

R̂n,t = max{R̂b
n,t − Γ̂t , 0}. (D.33)

Notice that DNWR in (D.19) and the ZLB in (D.30) and (D.33) are
dealt with in a piecewise fashion.

Lastly, exogenous processes are given by

Ẑt = ρzẐt−1 + εz
t , εz

t ∼ i.i.d.N(0, σ2
z), (D.34)

χ̂t = ρχχ̂t−1 + εχ
t , εχ

t ∼ i.i.d.N(0, σ2
χ), (D.35)

Q̂ar
t = ρqQ̂

ar
t−1 + εq

t , εq
t ∼ i.i.d.N(0, σ2

q), (D.36)

Q̂rs
t =

{
− p21
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Δ

p12
p12+p21

Δ
, (D.37)

Q̂t = Q̂rs
t + Q̂ar

t . (D.38)
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Appendix E. Data

Figure E.1. Evolution of Key Variables

Note: The unemployment rate is obtained from the Ministry of Internal Affairs
and Communications in Japan and from the Bureau of Labor Statistics in the
United States. Definition and sources of other series are presented in the note for
Table 2. The shaded areas indicate recessions.



10 International Journal of Central Banking September 2022

References

Coeurdacier, N., H. Rey, and P. Winant. 2011. “New Approaches
for Modeling Risk in Macroeconomics: The Risky Steady
State.”American Economic Review: Papers and Proceedings 101
(3): 398–401.

Coleman, W. J. II. 1990. “Solving the Stochastic Growth Model
by Policy-Function Iteration.”Journal of Business and Economic
Statistics 8 (1): 27–29.

Hills, T., T. Nakata, and S. Schmidt. 2019. “Effective Lower Bound
Risk.” European Economic Review 120 (November): Article
103321.

Iiboshi, H., M. Shintani, and K. Ueda. Forthcoming. “Estimating a
Nonlinear New Keynesian Model with the Zero Lower Bound for
Japan.” Journal of Money, Credit and Banking.

Katagiri, M. 2016. “Forward Guidance as a Monetary Policy Rule.”
Working Paper No. 16-E-6, Bank of Japan.

Richter, A. W., N. A. Throckmorton, and T. B. Walker. 2014.
“Accuracy, Speed and Robustness of Policy Function Iteration.”
Computational Economics 44 (4): 445–76.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [432.000 648.000]
>> setpagedevice


